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ABSTRACT: In the present paper, an SPH model of the shallow water equations is presented. The objective
of this model is to perform �ooding simulations of complex three-dimensional bathymetries of a wet bottom
and a dry land. Its implementation is described, including especially the procedures to be able to follow the
�uid domain expansion during �ooding simulations, namely an anisotropic kernel with variable smoothing
length is used as well as a periodic redistribution of the particles.
A number of validation tests are made. The model results are �rst checked on the case of a dam break on
a �at dry bottom, and the propagation of a solitary wave. Thenmore complex three-dimensional cases are
simulated and compared to other models and experiments, e.g. a dam break �ooding a slope of complex
shape, and a solitary wave running up an island.

1 INTRODUCTION

Flooding of dry coasts due to rough-sea breaking waves or tsunamis is a major concern in coastal engineer-
ing. Similarly, land �ooding in case of hydraulic dam break is another example where a large area of dry
land is invaded by water. To simulate such events, mesh-based methods are rather inadequate since they
would require the use of huge Eulerian meshes distributed over the entire possibly �ooded domain. The
use of a lagrangian meshless method such as SPH would conversely allow for tracking the �ow evolution,
without requiring a spatial discretization of dry parts of the domain.

Still, standard SPH simulation of such events whose space and time scales are much larger than the ones
usually simulated by SPH, would exhibit prohibitive computational costs. An alternative is to use the SPH
scheme to model the non-linear shallow water equations, as proposed byMiguel Rodriguez-Paz(2005)
andAta and Soulaimani(2005), and extended byA. Panizzo(2006). Each particle then represents a water
column whose height is linked to the smoothing length through its mass conservation. These particles are
still followed in their Lagrangian motion, but the number ofdimensions of the problem is reduced by one
thanks to the shallow water modelling. Further, the �ow is considered as incompressible and time steps
can then be much wider than in standard SPH. Finally, to preserve the explicit nature of the SPH scheme a
Newton-Raphson scheme is applied to enforce the link between interpolation kernel extension, water depth
and particle mass.

The two- and three-dimensional versions of the shallow water SPH model have �rst been implemented
following the mentioned literature. And the test cases proposed byMiguel Rodriguez-Paz(2005) and
A. Panizzo(2006) have been reproduced, namely a 2D dam break on a slope and a 3Dcylindrical patch of
water.

Then the model has been applied to more complex �ows. However, in three dimensions the model
accuracy is degraded by the formation of anisotropic repartitions of particles. It is especially the case
when the �ow evolves mainly in one direction, e.g. a 3D dam break between lateral walls. To tackle
this problem, an elliptic kernel formulation has been derived, so as to be able to better follow the �ow
evolution. Nonetheless, numerical dif�culties have arisen on complex 3D cases, due to the stretching of
particle kernels when the water depth is decreasing, as it isthe case when the �ow is wetting the coast. A
particle redistribution procedure has thus been implemented, allowing for periodically change the particle
mass distribution so as to recover a more regular space occupation of the wetted domain. With these tools,
the obtained formulation is robust and able to simulate complex situations, such as a �ow invading a coast
of complex 3D shape, or the �ow past an island. Good comparisons are obtained against experimental and
high-order Boussinesq model results.



2 PHYSICAL MODEL

In the present paper, the shallow water equations are modelled. In conservative form they read
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wherev is the velocity,h � 0 indicates the water depth, g is the acceleration due to gravity, b is the bottom
elevation, andSf is the friction de�ned by

Sf =
n2v kvk

h4=3
(2)

in whichn denotes Manning's roughness coef�cient.
We can rewrite the previous system of equations in the following form

L v (� ) + div(F (x; t; � )) = S (3)

whereF is the �ux vector of the conservation law andL v is the transport operator given by
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3 NUMERICAL MODEL

3.1 Particle approximation

We consider a regularizing kernelW (x; l ) which converges towards the Dirac measure� (x) (in a suitable
sense) whenl ! 0. The parameterl , called “smoothing length”, characterizes the regularizing scale (it is
usually notedh in the SPH literature, but hereh represents the water depth).

The physical domain is decomposed in volume elements called“particles” (xi (t); wi (t)) i 2 P , where
xi (t) is the position of thei -th particle andwi (t) its weight. These particles are followed in their Lagrangian
motion according to their velocityv and their weights are updated according to compressibilityeffects.

The following notations are used hereafter:
Wij � W (xi (t) � xj (t); l ), r Wij � grad(W (xi (t) � xj (t); l ))
The numerical scheme we use relies on the one proposed byVila (2000) which reads
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For discretizingS we use
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This scheme is centered in space. When using an explicit timescheme as we do, such a space scheme
is unconditionally unstable. A classical remedy is to introduce an arti�cial viscosity, which leads for our
model to
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where� ij is an arti�cial viscosity term satisfying
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with l ij = 0 :5(l i + l j ), cij = 0 :5(ci � cj ), ci =
p

ghi , vij = vi � vj , xij = xi � xj . � classically ranges
in [0:5; 2:0], and� = 0 :01.

3.2 Variable smoothing length scheme and renormalization

The evaluation of the density using a constant smoothing length is a classical practice in free-surface SPH.
In the case of �uids exhibiting a certain level of compressibility, however, a simple case of uniform ex-
pansion or contraction can only be well represented if the smoothing length is allowed to vary. Conversely
to regular free-surface SPH, in the shallow-water approximation particles represent vertical �uid columns
whose volume comprises the whole water depth at their location. The space distribution of particles is thus
reduced by one dimension, and it is to be envisioned in the horizontal plane only. In the latter plane, the
�uid particles will follow the terrain according to the �ow evolution, potentially invading a coastal area,
etc. Large expansions/contractions of the �uid domain willthus be recorded in that plane, the projected
2-D density expansion/contraction being balanced by a corresponding contraction/expansion of the particle
(water column) height. A variable smoothing length scheme is therefore compulsory of one wants to pre-
serve the accuracy of the solution. In general,l must change according tohl d = h0ld

0 whered is the number
of space dimensions.h0, l0 are the initial water depth and smoothing length, respectively, andh andl are
the values at current time step.

The following notations are used hereafter:
Wij;i � W (xi (t) � xj (t); l (xi )) , Wij;j � W (xi (t) � xj (t); l (xj ))
Still following Vila (2000), inserting the variable smoothing length scheme and the renormalisation

leads to the �nal form

dwi hi vi

dt
+ wi

X

j 2 P

wj ((
gh2

i

2
+

1
2

� ij )B i r Wij;i + (
gh2

j

2
+

1
2

� ij )B j r Wij;j ) = wi Si (9)

As for the smoothing length itself, the simplest way to determine its evolution at every time step is to
use directly
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i
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Note that this quantity could also be marched in time through
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=
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3.3 Numerical evaluation of water depth

The second equation in (5) is non-linear inhi . In order to solve it, a Newton-Raphson solution procedure
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where the smoothing lengthl is a function of the water depthh
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in which l0
i andh0

i are the initial values ofl i andhi , respectively.
We use the Newton-Raphson procedure proposed byMiguel Rodriguez-Paz(2005). After simple alge-

bra, the latter equation becomes:

h(k+1)
i = h(k )

i

 

1 �
R(k )

i dm

R(k )
i dm + � (k )

i

!

with � (k )
i = �

X

j

wj r ij
dWij;i

dr ij

In order to start up the iteration process an initial guess isrequired. For this purpose, we use the second
equation in (5).

In order to stop the Newton-Raphson iterative procedure, weuse a tolerance

R(k+1)
i

h(k )
i

� � (14)

close to the double precision limit10� 15, which is usually reached within a few iterations.

3.4 Time marching scheme

An explicit time integration method is used, namely the 4th-order Runge Kutta scheme. Due to the explicit
nature of the scheme, the Courant Friedrichs Lewy (CFL) stability criteria must be satis�ed. This implies
that the time step size must be less than

� t = CF L � min
�

l i
ci + kvi k

�
(15)

wherec is the gravity wave velocity of propagation,ci =
p

ghi .

3.5 Use of anisotropic kernels to adapt to �ooding �ows

Although we are able to control the smoothing length in orderto keep the number of neighbours approxi-
mately �xed, it may happen that this is not suf�cient for three-dimensional cases. Indeed, in many appli-
cations the particle distribution becomes inhomogeneous not only in the sense that the density is higher or
lower in some places, but that it also depends on the direction. This means for example that the particles
are close together in one direction but will drift apart in another one.

With a kernel of circular support, such inhomogeneities will cause numerical degradation when they
become too large. Then, particles will only mainly interactin one direction only, the one where they are
close, but not in the other one. The lack of information in theother direction may lead to large errors and
even to a breakdown of the simulation.

We have thus implemented an anisotropic kernel, followingSchik(2000) andGuilcher(2008), which
adapts to the motion of the �uid by deforming in such a way thatthe number of neighbours is equally
distributed in all directions.

The smoothing length is then no longer represented by the scalar l , but by a symmetric matrixL . The
latter writes, after diagonalization
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with l1 andl2 the small and the major axes of the elliptic kernel. The kernel deformations are obtained by:
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However, the latter formulation generates an additional dif�culty. Actually, we can no longer calculate
the water depth by the Newton-Raphson scheme and the smoothing length by the equation (13). We thus
now initialize the values of water depth and smoothing length by the following equations
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Then we use the Newton-Raphson scheme on the both equations
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In this way, effective results are obtained for �ows such as �ooding, but we can still improve the method
by redistributing the �uid particles periodically.

4 PERIODIC REDISTRIBUTION OF THE FLUID PARTICLES

During a dam-break simulation with �ooding, the particles close to the front can become more and more dis-
tant (their smoothing length increases while their height decreases). The particle concentration is therefore
low precisely where accuracy is needed to correctly describe the stronger gradients of the �ow. To remedy
this problem, we can periodically redistribute the particles over the �uid domain by changing their position
and volumes. If redistributing on a cartesian lattice, the accuracy of the scheme will also be increased. To
calculate the parameters of new particles (water depth and speed), we use a higher-order interpolation with
the MLS (Moving Least Squares) kernel proposed by Dilts.

In the case of large particles close to a dry surface, the redistribution requires a speci�c procedure to get
the location of the front in order to put particles only in the�uid area. Within the latter procedure one has
to pay attention to volume conservation.

Thanks to this redistribution procedure and to the elliptickernel we are able to simulate �ooding of
large zones.

5 NUMERICAL RESULTS

In this section are presented several examples of application of the method on different terrains. The dam
break problem in two- and three-dimensions is taken as primary test.

5.1 Breaking dam in rectangular channel

An example for the validation of the code, for which an analytical solution exists, is the case of a in�nitely-
wide breaking dam. The results provided by the SPH method arecompared to the analytical solution. The
water domain behind the dam is 10m high and 1000m long. There is no slope in the channel and the friction
is not considered here in order to compare to the analytical solution.

A very good agreement is obtained on this validation test case, no observable differences are obtained
in �gure 1.

5.2 Solitary wave

Another validation of the code is the ability to propagate a solitary wave. The diffusion and dispersion of
this solitary wave are especially investigated. We can alsocompare to the theoretical and numerical speed
of the solitary wave.

As initial conditions a rightward propagating solitary wave is placed to the left of the tank, on an calm
free surface. The wave height considered isH=h0 = 0 :05, where the water depth ish0 = 1 m. One can
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Figure 1: Dam-break propagation on a dry bed.
Comparison between the analytical solution and
the SPH result.
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Figure 2: Solitary wave

notice in �gure2 that the soliton amplitude decreases slightly and that it deforms, which is synonymous of
a slight diffusion and dispersion. However, it must be notedthat the speed of the soliton is respected.

5.3 Dam breaking wave run-up on a sloped plane

Figure3 and4 presents another dam break test performed using the two- andthree-dimensional versions of
the numerical code. The wave generated by a dam break propagates on a dry bed and reaches an inclined
plane, where wave run-up takes place. The initial depth of �uid behind the dam is equal to0:25m and the
dam is located atxdam = 2 :25m. The inclined plane starts atx = 3 :4m, and presents a slope equal to
10%. At the right end of the tank a vertical wall ensures the waterre�ection. Parametern of Manning's
formulation isn = 0 :001. The comparison between the two versions of the code shows a very good
agreement.

Figure5 shows the water level measured at two different model sections, equal to1:4m and3:4m from
the left end of the tank, compared to observed levels at the same stations. One can notice the good agreement
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between numerical and physical model.
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Figure 5: Dam break wave run-up on a sloped plane: comparisonbetween experiments (dashed lines) and
numerical model results (full lines) at section 1.4m (top panel) and 3.4m (bottom panel)

5.4 Two-dimensional run-up on a conical island

As �nal test a three-dimensional simulation is made of the run-up of a solitary wave onto a circular conical
island, as studied experimentally byBriggs (1995) andLiu (1995). A de�nition sketch for the numerical
setup is shown in Fig.6, which includes the time series measurement locations to becompared against what
follows. The outer (full) circle shows the base of the island(centered at(x; y) = (13 ; 15)m, with radius
3.60m), the middle (dashed) circle represents the initial still water shoreline (radius 2.32m), and the inner
(full) circle represents the island top (radius 1.10m).
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Figure 6: Computational domain in plan view (to
scale), with incoming waves travelling from left
to right. The dots represent measurement loca-
tions at 6:(x; y) = (9 :4; 15)m, 9: (10:4; 15)m,
16: (13; 12:42) m, and 22:(15:6; 15)m.

Figure 7: Computed free surfaces at (a) t=3.2 s
and (b) t=6.1 s, with H/h0=0.09.

As initial conditions a rightward propagating solitary wave of heightH=h0 = 0 :09 is placed to the left
of the island, on an otherwise calm free surface. The water depth away from the island ish0 = 0 :32m. The
case is simulated with 100,000 particles. Fully re�ecting numerical wall conditions are imposed along the
outer boundary of the domain. Simulations last 10s. As an indication of the computational ef�ciency of the
present model, the simulation requires approximately 15 minutes to complete on a single 1.6GHz Pentium
4 processor.

The computed and measured time series from the four measurement locations depicted in Fig.6 are
provided in Fig.8. These four measurement locations have been chosen becausethey characterize the
surface elevations to the front, side, and rear of the island. The SPH result at the �rst three measurement
locations show a very good agreement with the experimental results, and very similar results to a high-order
Boussinesq model (seeFuhrman and Madsen(2008)). The difference between experimental results and the
numerical models come from phenomena which the shallow water assumption does not take into account.
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Figure 8: Comparison of SPH (full lines), a high-order Boussinesq model (dashed dotted lines) and experi-
mentally measured (dashed lines) surface elevation time series at measurement location (a) 6, (b) 9, (c) 16,
and (d) 22 for the simulation of solitary wave run-up on a conical island withH=h0 = 0 :09

At the the fourth measurement point, the comparison is a little worse, due to stronger dissipation in the SPH
model than in the high-order Boussinesq one.

6 CONCLUSION

In this paper is presented a method for modelling the nonlinear shallow water equations by SPH, with the
objective of this model is to perform �ooding simulations ofcomplex three-dimensional bathymetries of
a wet bottom and a dry land. Its implementation is described,including especially the procedures to be
able to follow the �uid domain expansion during �ooding simulations, namely an anisotropic kernel with
variable smoothing length is used as well as a periodic redistribution of the particles.

A number of validation tests are made. In 2D, results from theliterature are �rst simulated (cf.Miguel
Rodriguez-Paz(2005), A. Panizzo(2006) or Ata and Soulaimani(2005)). Then the model has been applied
to more complex �ows. However, in three dimensions the modelaccuracy is degraded by the formation
of anisotropic repartitions of particles, especially whenthe �ow evolves mainly in one direction. To tackle
this problem, an elliptic kernel formulation is derived, soas to be able to better follow the �ow evolution.
Nonetheless, numerical dif�culties have arisen on complex3D cases, due to the stretching of particle ker-
nels when the water depth is decreasing, as it is the case whenthe �ow is wetting the coast. A particle
redistribution procedure is implemented, allowing for periodically change the particle mass distribution so
as to recover a more regular space occupation of the wetted domain. With these tools, the obtained formula-
tion is robust and able to simulate complex situations, suchas a �ow invading a coast of complex 3D shape,
or the �ow past an island. Good comparisons are obtained against experimental and high-order Boussinesq
model results.
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