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ABSTRACT: Two numerical tools have been develomethbdel the propagation and interac-
tion of waves and current over variable bathymetrgrder to study the global kinematics on
the whole fluid. The first one is a high-order Bsinesq model which can model irrotationnal
waves and current in deep and shallow water wighlitiaccurate kinematics and nonlinear
properties. The other is based on a rotational 8inasq formulation which can handle waves
over rotational current but only in shallow watEne paper will briefly show what is behind
these two approaches, the accuracy and limitatibhsth formulation and different results.

1 INTRODUCTION

1.1 Context of the work

Different kinds of tidal stream energy convertehiath use the kinematical energy of the cur-

rent, have been developed recently. Conventiondgliest to apprehend the real production and
estimate the survivability of the system have (atpalways been done assuming an incident
flow uniform and stationary. But real marine coradis are much more complex with the pres-
ence of waves and varying bathymetry. Some vemntestudies have shown the importance of
using more realistic marine flow conditions to stumirrent turbines. For example the non-

uniformity of the current profile, the turbulenceduced mainly by bottom interaction as well as
the unstationnary motions due to waves will greatfect the loadings and the performance of
the system. Thus it is necessary to well describha&t g really happening inside the fluid to give

realistic inputs for current turbines studies amd paper is part of this more general work.

1.2 The Boussinesq approach

The idea in Boussinesq formulations is to elimindwe vertical coordinate from the classical
Euler equations in order to reduce the computatiefiart. For example the original formula-
tion (Boussinesq, 1872) assumed a horizontal wglamiform over depth. This kind of ap-
proximation is inevitably limited to shallow watand weakly nonlinear problem. But during
the last 20 years major improvements have been goB®ussinesq modelling and now the
shallow water limitation can be overstep and maiffer@nt phenomena can be simulated accu-
rately like wave-wave interaction (Madsen et al020 wave blocking by an opposite current
(Guinot et al. 2007), propagation over rapidly wagybathymetry (Madsen et al. 2006)...



2 THE GOVERNING EQUATIONS

Both formulation will be described in two dimenssofor simplicity but can directly be ex-
tended to 3D. A Cartesian coordinates system)is used with the z-axis pointing positive up-
wards. The fluid domain is bounded by the seabed=ah(x) and the free surface at
z=n(x,t).The still water level is located at0. The subscripts, #, O or z respectivelydenotes
variables taken at the related altitude.

2.1 The high-order Boussinesq formulation

For a full description of this formulation the reads referred to Furhman (2004). Here only the
general idea of the development is given.

The fluid is assumed incompressible, inviscid anotational. An exact solution to the Laplace
equationA¢=0, can be expressed as :

u (x,zt) = cos(z) u, + sin (z0) wy (1)
w (x,zt) = cos(z) w, - sin (z00) u, (2)

Where thecosandsin operators are infinite Taylor series operatoringef by :

cos(z) = ZO (-2n é:!) [ s,in(zm):Z(—nn%Dw1

Yet the accuracy of the velocity profile can be ioy@d by generalizing the previous expansion
to an arbitrary z-level which is assumed to be astant fraction of the sea bed,

Z2 = —o.h, 0<o <1(typical value isz = —0.5h).

From (1) and (2), the velocity variable takerzatdenotediiandw ) are expressed as a function
of Uy, Woandz. By successive inversion,and w can be expressed as a functioni@nd w

and then by substitution into (1) and (2), u andam be expressed frofnand w (see Madsen

et al. 2002, for full development). Then this iitiinexpansion has to be truncated to be treated
from a numerical point of view and further improvemts can be achieved by using a new ex-
pansion from new variables involving Padé approXiomes.

2.2 The rotational formulation

This formulation is based on Shen (2000) who hagested a way to model waves over rota-
tional current but hasn't implemented it for sudagravity waves. A similar approach can be
found in Rego et al. (2001) who didn't present amynerical results and in Veeramony et al.
(2000) but their work was only focused on wave kirgg The idea is to solve a Poisson equa-
tion obtained by mixing the continuity equati@iu+0w/dz=0 and the y-axis component of the

vorticity vector (expressed here in a dimensionfeas)

Sy=0u/0z— % Owl0x (3)
The Poisson equation can be written as :

0?W/02%Z + 17 [12W=—0sy/0X 4)
Following a more classical Boussinesq approaghand w are expanded in the form
u=u,+2u, +O(1) . Inserting these expansions into (3) and (4), eeagsystem of equations

which can be solved using the bottom boundary ¢mngithe continuity equation expressed at
an intermediate depth = —g.h and the value dfiat z as boundary conditions.



2.3 The fully nonlinear time-stepping problem

The time evolution of the problem is governed by tisual kinematic and dynamic free surface
boundary conditions written in this more commomfor
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with Uy =U,+wl7 .
In two dimensions, these equations are the samiedfir the irrotational and the rotational for-
mulation. In 3D new terms appear in the dynamie fsarface condition (6) for the rotational
formulation. Those additional rotational terms t&nexpressed as;x((0xU;) where thex is
the cross product ang U and [] are vectors containing their respective x and pponents.
Moreover for the rotational formulation the follavg vorticity equation has to be added to the
time stepping problem:

Ds,/Dt=0 (5)

3 ACCURACY AND LIMITATIONS OF BOTH APPROACH

From the Fourier analysis described in Madsen.e2@03, the range of applicability of those
systems of equations can be determinate for waepagating on a midly sloping bottom. As
this study has already been done for the high-diatenulation, only some key numbers will be
given here to compare with the rotational formwatiThe reader can referred to Madsen et al.
2003 or Furhman 2004 for the full description of #ourier analysis and the accuracy and limi-
tations of the high-order formulation.

3.1 Linear dispersion relation and Doppler shift

As it is one of the most fundamental property endeeldin this system of equations, the linear
dispersive properties has been examined first.

Stokes theory gives the well known dispersion ia@afor linear waves propagating over a uni-
form current:

(w-kUg)? = gktanh(kh) (6)

The Fourier analysis gives the following dispergielations for each formulation.

High-order formulation: (e kU,)2 = ghk2(1+1/9k?h>+1/945k*h)/( 1+ 4/9k>h>+1/63k h?)
Rotational formulation: (- kUy)2 = ghk2(1-(a+1/3)k2h2)/(1-akzh?)

Whereg=0+02/2. The optimal value ia=-0.390 equivalent to=-0.531.
Figure 1 represents the solutions of these relationerms of nondimensional wave number kh
as a function of Froude numbﬂrzuc/@ for different water depths
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Figure 1. Comparison of dispersive property. Fués$, Stokes theory. Dash grey lines, High-order fo
mulation. Dotted lines, rotational formulation. Tieative water deptlk,h=c?/g*h is respectively from
bottom to top [0.25; 0.5; 1; 1.5; 2; 3; 5; 7].

The end of each line represents wave blocking bgpgosite current. We can see that the high
—order formulation is extremely accurate excepseltw the blocking points of short waves. For
the rotational formulation, even far from the blimzk point a significant error appears from
kh=4. The fact that for the models, some curvestdand at the blocking point implies that in
these conditions even if some waves are propagatieg an opposite current exceeding the
theoretical value of blocking, the wave will conteto propagate with a wave length decreasing
infinitely whereas normally, reflection should appe

3.2 Shoaling properties

To quantify the shoaling accuracy of the formulasiave used the linear shoaling gradient de-
fined by :

Ax h

A hx

Where A is the wave amplitude and h the water depth
This should be compared to the reference solutea Madsen et al. 2006):

_ 2khsinh@kh) + 2k?h? (1- coshkh))
- (2kh+sinh@kh))?

The lengthy expressions of the shoaling gradiefitneit be given here for brevity but the fol-
lowing graph shows the comparaison between botmdtations and the theory. Different
curves are shown because the initial shoaling grador the rotational formulation is only ac-
curate till kh=0.8 (line with squares) which redilyits the application of the model. Neverthe-
less by optimizing some coefficient in the origisalution of the system (cf Madsen 2006 for
detailed explanation of this kind of optimizatiome allow a minor error for low values of kh
(kh<0.5) in order to improve the accuracy aftervgarthe two others curves presented are op-
timization for O<kh<2 (line with crosses) and ferkhi<3 (line with dots).

In the range of kh shown, the high-order formulatperfectly fits the theoretical solution (full
line). Significant error appears around kh=30.




Linear gradient shoaling

Figure 2. Linear shoaling gradient. Full line, thetecal solution and high-order formulation. Sqare
original solution. Crosses, optimization for kh=g]p Dots, optimization for kh=[0 3].

3.3 Accuracy in velocity profile

As the final aim of these models is to representaesvelocity profiles, the accuracy of both
formulations have been studied. There are diffevemygs to quantify the error in the velocity
profile representation and the following depth-aged error is used.

_1iu@_w@Y
meo= Al 06

Whereus represents the velocity field from linear stokessaity.

Figure 3 shows this depth-averaged error for thational formulation and an example of verti-
cal profile of horizontal velocity under a wave siréor kh=4. In the range okh shown, the
high-order formulation error is extremely smallg&ficant error appears aroulkb=12.
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Figure 3. (Left) Velocity depth-averaged error foe rotational formulation. (Right) Velocity profilender a

wave crest from third order Stokes theory (Fulld)inhigh-order formulation (Crosses) and rotaticioainulation
(Circles).



4 THE NUMERICAL MODEL

4.1 Numerical procedure

The numerical solution procedure is based on fidiference discretizations on a uniform grid.
The time integration is done using an explicit thuwrder Runge-Kutta scheme. To maintain
numerical stability in simulations involving vortig or variable bathymetry, Savitzky-Golay
smoothing filter is applied (most of the time ah-8trder, 11-point filter is used). The
generation and absorption of waves and currentaie using relaxation zones. In a first zone
(one wave length long) a theoretical solution faves, current and vorticity is implemented.
Then a second zone does a smooth transition betiiveeheoretical and the numerical solution
(this zone also absorbs backward reflected wayeag).at the end of the domain a zone
equivalent to a sponge layer is used. This humlgpicecedure is similar to the one used by
Furhman 2004 and a full description can be fourdeth

4.2 Wave blocking

A previous study (Guinot et al. 2007) have showat ttiave blocking by an opposite current can
be simulated accurately with the high-order forrtiola Different test cases have been done to
check the capability of the rotational model to @iae wave-blocking and as expected, in the
range of applicability of the model, the blockirighalations are really similar to the ones with
the high-order model. In the following example, #itiation of the blocking point is the same
for both models and the error from the theoretiedilie is around 2%.
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Figure 4. Simulation of wave blocking. Left, configtion used. Right, surface elevation after block-
ing from the high-order model (full line) and thaetational model (dotted line). The initial condit®are
T=2s, H=0.002m, Wen= -0.17m/s at the border and —0.809 on the top.

4.3 Waves over rotational current

Some simulations of waves propagating over a miaticurrent have been made. For the mo-
ment, as any viscous effects are present in thatemqs, there is no significant change in the
current profile (as shown e.g. in Huang et al. 2PB8t only a small decrease of the global cur-
rent due to the backward current induced by theewaan be observed. The current profile and
its relative vorticity are specified as an inputtihre model. Log law, power 1/7 and linearly
sheared current have been tried. The only effedtdan be seen yet is the change in wavelength
of the incident waves compared to the same wavtdsaviiniform current. A complete investi-
gation is under going and will be published in a&Hooming publication but the first simula-
tions are positive.



4.4 Representation of the velocity field

With these two models we can represent, in theigezof applicability, the global velocity field
for complex wave-current flow interacting over \adofe bathymetry.

The next two figures show two different useful eg@ntations of the velocity field. The first
one is a representation in space at a fixed tinoen(the high-order formulation) and the second
one a representation at different time at a fixaxtion (from the rotational formulation, the red
thin line represents the initial current profile).
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Figure 5. Two different examples of velocity figkpresentation from each formulation.

5 CONCLUSION

Two different Boussinesqg-type formulations withithewn limitations and accuracy have been
presented. The high-order formulation which repnes¢he most efficient Boussinesq formula-
tion by now is non-surprisingly extremely accurfde simulating wave and (uniform) current
interaction. It represents a powerful tool to stdldg global kinematics of this kind of complex
flow in shallow water as well as in deep water veh#re uniform current approximation be-
comes more realistic, at least in the main pathefwater column. On the other side the rota-
tional formulation, though much more limited thdme tprevious one, seems to be a real break-
through in the simulation of waves propagating aven-uniform currents especially with the
direct possibility to include viscous effects itbe vorticity terms.
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